For each positive integer n, set γ(n) = p|n p. Given a fixed integer k ≠ ±1, we establish that if the ABC-conjecture holds, then the equation γ(n + 1) − γ(n) = k has only finitely many solutions. In the particular cases k = ±1, we provide a large family of solutions for each of the corresponding equations.
Introduction. Comparing values of an arithmetic function at consecutive integers is a common problem in number theory. For example, in 1952, Erdős and Mirsky
asked if there are infinitely many integers n such that d(n) = d(n + 1) (here d(n) stands for the number of divisors of n), a question which was answered in the affirmative when Heath-Brown [8] proved in 1984 that the number of positive integers n ≤ x such that d(n) = d(n + 1) is x/ log 7 x, a lower bound which was later improved by Hildebrand [9] and thereafter by Erdős et al. [6] . An apparently more difficult problem seems to be that of establishing that the equations φ(n) = φ(n + 1) (where φ is Euler's function) and σ (n) = σ (n + 1) (where σ (n) stands for the sum of the divisors of n) each has infinitely many solutions n; see Erdős et al. [5] for developments concerning this problem.
The distribution of the values of the kernel function γ(n) := p|n p (also called the core function or the algebraic radical of n) is the source of a variety of open problems, many of them tied in with the famous ABC-conjecture. For instance, in 1999, Cochrane and Dressler [2] showed that, assuming the ABCconjecture, if two positive integers have the same prime factors, they cannot be too close; more precisely, they proved that if the ABC-conjecture is true, then given any ε > 0, there exists a positive constant C = C(ε) such that if γ(n) = γ(n + k), then k ≥ Cn 1/2−ε . No easier is the conjecture of P. Erdős and A. Woods which asserts that there exists an integer k ≥ 3 such that if m and n are positive integers satisfying γ(m + i) = γ(n + i) for all 1 ≤ i ≤ k, then m = n. Although it remains unsolved, this conjecture has been extensively studied and generalized; see, for instance, Langevin [10] , Balasubramanian et al. [1] , as well as Langevin [11] .
Many more results regarding the kernel function and the ABC-conjecture have been published; for some recent ones, see Mitrinović et al. [12] , Granville [7] , or Cutter et al. [3] .
Perhaps an even more difficult problem seems to be the one of comparing the values of the kernel function at consecutive integers. In this note, we look at the values of the function γ(n + 1) − γ(n) for positive integers n.
Preliminary observations and statement of the main results.
We first make a few observations. Note that it is always the case that one of the numbers n and n + 1 is even and the other one is odd. In particular, γ(n + 1) − γ(n) is always an odd number, and therefore the equation γ(n + 1) − γ(n) = k has no solutions when k is a fixed even positive integer. From now on, we assume that k is a fixed odd positive integer. When k = 1 and both n and n + 1 are square-free, we certainly have that γ(n+1)−γ(n) = (n+1)−n = 1 = k. Since, for a large positive real number x, there are only (1 − 6/π 2 + o(1))x positive integers n < x for which n is not square-free, it follows that there are at most (2 − 12/π 2 + o(1))x positive integers n < x such that one of n or n + 1 is not square-free. In particular, the number of numbers n < x for which both n and n + 1 are square-free is at least
Thus, the solutions n of the equation γ(n + 1) − γ(n) = 1 form a subset of all the positive integers of positive lower asymptotic density. From now on, we look for positive integer solutions n of the equation γ(n+ 1) − γ(n) = k such that n(n + 1) is not square-free. Here is a "parametric family" of solutions for k = 1. Let r > 1 be an integer and assume that both 2 r −1 − 1 and 2 r − 1 are square-free.
It is clear that n+1 is not squarefree, and if r ≥ 3, then n is not square-free either. Since both 2 r −1 −1 and 2 r −1 
The list of those r < 200 such that both 2 r −1 + 1 and 2 r + 1 are square-free is also included in Section 5.
We conjecture that for every fixed value of k ≠ ±1, the equation γ(n + 1) − γ(n) = k has only finitely many positive integer solutions n; the solutions n < 10 9 of this equation, when 1 < |k| < 100, are given in Section 4. We also conjecture that when k = ±1, the equation γ(n+1)−γ(n) = k has only finitely many positive integer solutions n, which are not of one of the forms specified above.
In this note, we prove that our conjectures are implied by the ABC-conjecture. In fact, assuming the ABC-conjecture, we prove a much stronger statement which implies the above conjectures.
We first recall that the ABC-conjecture is the following statement.
The ABC-conjecture. For every ε > 0, there exists a constant K := K(ε) such that whenever A, B, C are three coprime nonzero integers with A+B = C, then
We will choose to write the above inequality as 
where Ꮽ is the set of all positive integers n such that n(n + 1) is not squarefree, and n is not of the form 2 r +1 (2 r −1 ± 1).
The following result is a more general version of Theorem 2.1.
holds for all coprime positive integers m and n.
(ii) Let ε > 0 be given and let j > 1 be a fixed integer. Then the ABC-conjecture implies that the inequality
holds for all positive integers n coprime to j such that
fixed integer. Then the ABC-conjecture implies that all but finitely many solutions in positive integers n coprime to j of the inequality
have the property that n(n+j) is square-free, unless j = j 2 0 is a perfect square, in which case all the other solutions of inequality (2.8) are of the form n = 2 r (2 r + 2ηj 0 ), for some η ∈ {±1} and some nonnegative integer r such that both 2 r + 2ηj 0 and 2 r + ηj 0 are square-free.
3. The proof of Theorem 2.1. We let ε > 0 be some small number. Now let k be an odd integer and n a positive integer such that γ(n + 1) − γ(n) = k. Furthermore, let a and b be the two square-free integers given by a := γ(n + 1) and b := γ(n). Assume first that max{a, b} ≤ 2|k|. In this case, the ABCconjecture applied to the equation
leading to
which is an even better inequality than inequality (2.4). We note that when k is fixed, then the fact that the equation γ(n + 1) − γ(n) = k has only finitely many positive integer solutions n satisfying max{a, b} ≤ 2|k| can be proved unconditionally as follows. Let ᏼ be the set of all prime numbers p ≤ 2|k| and let be the set of all positive integers whose prime factors belong to ᏼ. In this case, both n and n + 1 belong to , and therefore the pair (x, y) := (n + 1,n) is a solution of the equation x − y = 1, with x, y ∈ , and it is known that such a diophantine equation has only finitely many solutions (x, y) which are effectively computable. Thus, we may assume that max{a, b} > 2|k|. In this case, since a − b = k, it follows that max{a, b} < 2min{a, b}. In particular, both inequalities a < 2b and b < 2a hold. Further, let c := (n + 1)/γ(n + 1) and d := n/γ(n). We may assume that max{c, d} > 1, for otherwise both n and n+1 are square-free, and this implies that k = 1. We now have the system of equations
Applying the ABC-conjecture to the second equation of (3.4), we get
A similar argument shows that the inequality
holds. We now multiply both sides of the first equation of (3.4) by c and subtract the second equation of (3.4) to get
Note that d and c are coprimes and that at least one of them is larger than 1.
Thus, in view of (3.6) and (3.8),
In particular, since b < 2a, it follows that
We now write d − c = e. Then, since b = a − k and d = c + e, we have 12) in which case
Assume first that 1−ke ≠ 0. In this case, since γ(c)|a, we read from (3.13) that γ(c) divides |1 − ke|. In particular, it follows from (3.11) and (3.13) that
(3.14)
Therefore, 
Applying the ABC-conjecture to the equation 
and therefore
Since a ≤ 2b, it follows from (3.22) that which is precisely inequality (2.4). Our reasoning was based on the fact that we assumed, aside from the ABCconjecture, that 1 − ke ≠ 0 and 1 + ke ≠ 0. Hence, we now assume that (1 − ke)(1 + ke) = 0. Note that this is possible only when |k| = 1, which, together with the previous arguments, justifies Theorem 2.1(i). Now assume that 1 − ke = 0. In this case, ke = 1 and therefore 1 + ke = 2. Equation 
The proof of Theorem 2.3.
The proof of this result can be achieved by following the same procedure as in the proof of Theorem 2.1, and we will only sketch it. Let ε > 0 be a very small number. Put j := m − n, k := γ(m) − γ(n), and K := max{j, |k|}. We may assume that j > |k|, for otherwise we already have that |γ(m) − γ(n)| = |k| ≥ j = |m − n|, which implies inequality (2.6).
We write a := γ(m) and b := γ(n). If max{a, b} ≤ 2K, then the ABCconjecture applied to the equation m − n = j shows that
which gives
which is a better inequality than the one asserted at (2.6). Thus, we may assume that max{a, b} > 2K. As in the proof of Theorem 2.1, we set c := m/γ(m) and d := n/γ(n) and we have the system of equations
Applying the ABC-conjecture to the second equation of (4.3), we get
which, together with the fact that a ≤ 2b, leads easily to the fact that
In the same way, one shows that
We now multiply both sides of the first equation of (4.3) by c and subtract the second equation of (4.3) to get .7), which implies inequality (2.6) in light of the fact that ε can be taken arbitrarily small. It remains to consider the degenerate cases in which j ± ke = 0. Assume first that j − ke = 0. In this case, we have that k|j. Put j = kj 0 . Then e = j 0 . Note that k and j 0 have the same sign. Equation (4.11) then shows that kc = ea = j 0 a. Write D := gcd(k, j 0 ) > 0 and write k = Dk 1 , j 0 = Dj 1 . Note that k 1 and j 1 have the same sign. We then get that c = j 1 ρ and a = k 1 ρ, and since γ(c)|a and a is square-free, we get that j 1 |ρ, and therefore ρ = j 1 ρ 1 , which implies that c = j 2 1 ρ 1 and a = k 1 j 1 ρ 1 . The analogue of relation (3.16) is now kd − eb = j + ek = 2j, which can be rewritten as kd
Reducing this modulo k 1 , we get that k 1 divides j 1 b, and since k 1 is coprime to j 1 , we get that k 1 divides b. But k 1 also divides a, therefore k 1 divides both m and n, which shows that k 1 = ±1. Since j 0 is a multiple of j 1 , we may reduce the above equation modulo j 1 and read that j 1 divides k 1 d, which implies that j 1 divides d. Since it also divides a, it follows that j 1 = ±1. Thus, we have showed that k = ηj 0 , j = j which confirms inequality (2.6) in this case as well. The remaining case, that is, the one for which k − ej = 0, also does not lead to any solution by sign considerations.
The above arguments take care of part (i) of Theorem 2.3. Part (ii) can be proved in an identical manner as Theorem 2.1 (simply treat the number j as a constant); note that since |k| > j, the degenerate instances considered above do not occur here. Finally, part (iii) of Theorem 2.3 follows from the above discussion of the degenerate instances. Theorem 2.3 is therefore proved. 192, 193, 194, 197, 198, 199, 200 . Moreover, here Table 5 .1 presents all the solutions n < 10 9 to the equation Finally, Table 5 .2 presents all the solutions n < 10 9 to the equation γ(n + 1)−γ(n) = −k, for 1 < k < 100 (note that this equation has no solution n < 10 9 for k = 3, 15, 39, 53, 63, 75, and 99).
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